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Let Wi(x):=exp(—Q(x)), xe R, where Q(x) is even and continuous in R,
Q(0)=0 and Q" is continuous in (0, occ) with Q'(x)>0 in (0, cc), and for some
A, B>1,

A< (xQ'(x))/Q(x)<B,  xe€(0, ).

For example, Q(x):=|x|% a>1 satisfies these hypotheses. Let a, denote the nth
Mhaskar-Rahmanov-Saff number for Q, and

Ix]

(p,,(x):zmax{l— ,n‘z‘“}, nzl, xeR.

a,

Let 1 < p < co. We prove that for n2 1 and polynomials P of degree at most »n,
’ — 1/ n
HPW)Yo, l'2||1_,(m< Ca_ “PWHLP(R]'

This extends to L, the recent L, result of the authors, in which the essential feature
is the introduction of the factor ¢ 2. We also consider the case 4 < 1. The proofs
are necessarily different from previous methods of extending L, inequalities to L,
and involve Carleson measures. © 1994 Academic Press, Inc.

1. INTRODUCTION AND RESULTS

Throughout %, denotes the class of real polynomials of degree at most
n, and C, C,, C,, ..., denote positive constants independent of n, Pe %, and

* Research completed while author was visiting Witwatersrand University.

229
0021-9045/94 $6.00

Copyright ©: 1994 by Academic Press, Inc.
All rights of reproduction in any form reserved.



230 LEVIN AND LUBINSKY

xeR. The same C does not necessarily represent the same constant in
different occurrences. We use ~in the following sense: If {b,}_, and
{c,} ¥, are sequences of non-zero real numbers, we write

b,~c¢

n n

if there exist C,, C, >0 such that
C £b,/c,<C5, nzl1.

Similar notation is used for functions and sequences of functions.
The classical L, Markov-Bernstein inequality for [ —1, 1] involves the
factor

l//n(x) ‘= min {n, -\/-—]—1__——)52}

and for any 0 < p < 0, has the form

”P’IIL,,[~1,1]<Cn ”Plpn”Lp[—l,l]'l PeP, nzl (L.1)

The usefulness of such inequalities in approximation theory, discretisation
problems, quadrature and interpolation is well known.

There are many ways to proceed from the L version of (1.1) to the
general L,, p >0 case. One of the most versatile is a technique adapted, in
spirit, from the large sieve of number theory, and involves L, Christoffel
functions: See [13, 2, 3, 11] for details of the method. That method, and all
others known to the authors, make essential use of the fact that uniformly
for xe(—1,1)and n>1,

l/’n(-x) ~ lpZn(x)'

In this paper, we present a new method, involving Carleson measures, to
prove L, Markov-Bernstein inequalities when this last relation fails. The
specific context in which we outline the method is L, Markov-Bernstein
inequalities for Freud weights.

Recall that if W:=¢~ 9, where 0: R— R is even and continuous in R,
and of smooth polynomial growth at infinity, then we call W a Freud
weight [17]. Associated with Q is the Mhaskar—Rahmanov—Saff number a,,
[14, 15, 19] the positive root of the equation

u=%flath'(auz) di/ 1=,  u>0. (1.2)
0
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It exists, for example, when xQ’(x) is increasing in (0, co), with limits 0 and
o at 0 and oo respectively. Following is our main result:

THEOREM 1.1. Let W:=e 2, where Q: R — R is even and continuous in
R, @(0)=0, and Q" is continuous in (0, o0}, Q'(x) is positive in (0, o), and
for some A, B> 1,

A< (xQ'(x))/Q'(x)<B,  xe(0, ). (13)
Let
©,(x) := max {I —%—c—l,n‘z’g}, xeR, nx=1. (1.4)

Let L < p< . Then there exists C>0 such that fornz1 and Pe 2,

’ — 1 n
[(PW) o, m”L,,(R)SC;‘ 1PWI Lw)- (1.5)

Remarks. (a) Markov-Bernstein inequalities of the form
n
HP’W"LP(R)SCZ”PW"LP(R)a PeP,, nzl, (1.6)

have been widely studied and applied in the literature [ 1, 4, 5, 7-9, 17, 18],
especially in relation to converse theorems of approximation. In fact, (1.6)
is a simple consequence of (1.5), since |Q'(x)| = O(n/a,) for |x| <2a, (see
(4.2), (4.3) below). Even (1.6) is new for the full generality of weights W
considered here, as previously additional conditions were required when in
(13),1<A4<2.

However, the essential feature of the theorem is the insertion of the
factor ¢ ', which is large near a,. For p= oo, the inequality (1.5) was
established in [9], and played an important role in establishing bounds for
the orthogonal polynomials for the weight W?=e 2 [10]. We believe
that the p < oo case will also have applications.

(b) Methods used to prove (1.6) for various weights in [4, 5, 8, 11]
include boundedness of dilated de la Vallee—Poussin sums, replacement of
the weight over a suitable interval by polynomials of degree O(n), or a
technique adapted from the large sieve of number theory. All attempts to
adapt these to the present situation failed, because they would require the
same inequality to hold for polynomials of degree 2n as for n (modulo a
constant). However, it is not true that

(pn(x)~(p2n(x)5 xXe R’ n> 15
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so (1.5) provides a different inequality for polynomials of degree <n as
compared to polynomials of degree <2n.

Our method is given in Section 2: We adapt the complex and potential
theoric methods from 9] to obtain local estimates for (PW) (x) in terms
of the average of |P(¢)| W(|t]) on a semicircle centred on x and then
integrate: To return to the real line, we use a result about Carleson
measures.

(c) The restriction p>1 is unfortunate but we have been unable to
find a device to circumvent it. One extension that should be fairly
immediate is to Orlicz-space type inequalities

|7 waeewy ()0 21y dx

<a.] w(aliewer)a  pes,
— a,
Here p>1 and y: [0, o0) — [0, o) is a convex function with (0) =0. The
only missing ingredient is an inequality of the form

[waunde<c|™ yas)n ax,

valid for functions fe L,(R) with Poisson integrals U(z) in the upper half
plane, and for Carleson measures o. Possibly interpolation could be used
to provide this missing step.

(d) The inequality (1.5) is almost certainly not true if we replace
(PW) by P'W. In [9], this was proved for p=o0, by nothing that if
T,(x)=x"+ --- €2, is an L extremal polynomial in the sense that

”TnW”Lw(R)=min{”PW||L1(R) (P(x)=x"+ .- e%},

then at the largest point of equioscillation of T,W, {, say, we have

T, W) =Q'(C) |l T,,WIILm(Rw;n— IT W 1 ir) s

oo r0(222)).

(e} The above result does not apply to Q(x):=|x|* a<1, since for
such 0, A=B=a<1.

while
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By omitting an interval of length 2na, about 0, we can still prove an
analogue of Theorem 1.1:

THEOREM 1.2. Let W:=e~ 2 be as in Theorem 1.1, except that we only
require A, B>0 in (1.3). Let n>0, and p= 1, and ¢, be defined by (1.4).
There exists C>0 such that for n21 and Pe %,

, . n
(PWY o, 12 “L,(lx]?qa,,)< Ca— ”PW”LP(R)' (1.7)

Note that Q'(0) need not exist for the weights in Theorem 1.2, whereas
for the weights in Theorem 1.1, we have Q’(0)=0. As indicated by the L
inequalities in [9], the L, inequalities over [ —ea,, ea,] have a different
form to that in (1.7), but we shall not dwell on this point here.

The paper is organised as follows: In Section 2, we prove Theorems 1.1
and 1.2, but leave several technical details to later sections. In Section 3, we
estimate the Carleson norms of certain measures o,, thereby proving
Lemma 2.4. In Section 4, we prove Lemma 2.1, which relates certain entire
functions to the weight W. In Section 5, we fill in some missing details in
Lemma 2.2, concerning certain analytic functions and the weight W.
Finally, in Section 6, we estimate the derivative of a certain quantity,
establishing the last technical detail used in Section 2.

2. THE PROOF OF THEOREMS 1.1 AND 1.2

We break this into several steps:

Step 1.

We replace the weight W locally by an analytic one.
Given xe R, set

H(z):=e [@X+QM™E-1 e, (2.1)
Since HY(x)= W¥(x),j=0, 1, we obtain by Cauchy’s formula,

1 PH
(PW)'(x)=(PHx)’(x)=%jl N (Z_Xiz)l .,

for any polynomial P and for any ¢ > 0. Assuming P has real coefficients,
we obtain that

(PWY (0 <= [ [(PH,)(x + 5e®)] do. (22)
e Jo
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The choice of ¢ is suggested by (1.4), (1.5). For xe R and n> 1, set

(1—Ixi/fa,+n=22) 712 |x|<a,

1/3

3
n'’, (x| = a, (23)

an
£:=¢,(x) :=;{

Note that uniformly for n>1 and xeR,

LEMMA 2.1, Let ¢,(x) be defined by (2.3) and assume the hypotheses of
Theorem 1.1. Then there exists C >0 such that

|H(x +e,(x) e®)] S CW(|x +&,(x) e”]), (2.4)
for all n=1,0€ [0, n] and for all xe J,, where
J,o={xeR x| <a,(1 +n=%)}. (2.5)

If W only satisfies the conditions of Theorem 1.2, (2.4) holds for the range
J.n{x: x| =na,}, any fixed 0<n< 1.
Proof. See Section 4. ||

Replacing ¢ in (2.2) by ¢, as defined in (2.3), applying Holder’s
inequality, and then integrating over J,, we obtain, by (2.4),

f (PW) ¢,|7 dx < cj {j |P(x + £,(x) €®) W(|x +¢,(x) €°])|? d(?} dx,
(2.6)
where p =1 and ¢,=¢,(x).

Step 2.

Our next step is to replace W globally an analytic weight.

This construction is well known (cf. [ 12, 14, 15, 19]), but for the reader’s
convenience, we provide some details of proof of the following lemma in
Section S.

LEMMA 2.2. Assume the conditions of Theorem 1.2. Then, given n>21,
there exists a function G, that satisfies as following:

(a) G is analytic in C\| —a,, a,], with a simple zero at infinity, and
satisfies

G(2)=G(z). (2.7)
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Moreover G has boundary values G(x+i0) that are continuous on
(—a,, a,)\{0} and that satisfy

|G"(x £ i0)] = W(x), xe[—a,, a,J\{0}. (2.8)
Moreover,
|G"(x)| > W(x), |x| >a,. (2.9)

(b) If W satisfies the conditions of Theorem 1.1, then there exists
C >0, independent of n, such that

W(|x +e,(x) ) < C|G"(x +¢,(x) )], (2.10)

for all xeJ, and 6e€[0,n]. If W only satisfies the conditions of
Theorem 1.2, then given Q0 <n <1, (2.10) still holds (with C=C(n)) for
xeJ,n {x:|x| =na,}.

In the sequel we assume that W satisfies the conditions of Theorem 1.1.
Applying (2.10), we deduce from (2.6) that
f (PW) (x) &,(x)|” dxscf j [(PG™)(x + &,(x) €))7 dO dx.  (2.11)
Iy FAR)

Next, let us introduce a positive measure da, on the upper half plane,
that is defined by

ou(S) = | j xs(x +£,(x) €) db dx, (2.12)

Ju V0
where S is any Borel set in the upper half plane, and y is its characteristic
function. With this definition, we rewrite (2.11) as

j |(PW)’(x)a,,(x)|de<Cj|PG";Pda,,. (2.13)

Step 3.

The next step involves the notion of a Carleson measure.
This is a positive measure do on the upper half plane, that satisfies for
some C >0,

o(K,, ,) < Ch, (2.14)
for any square K, , of the form

Ky n=[x0—5h xo+3h]x[0,A], (2.15)
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where x,€ R, 7> 0. Note that these squares have base on the real axis and
lie in the upper half plane. The smallest constant C in (2.14) is called the
Carleson norm N(o) of 0.

We also recall that the Hardy space H?,0 < p < o0, on the upper half
plane consists of all functions f analytic there and satisfying

(DA% :=su13j Lf(x +ip)|? dx < .
y> — 0

Any fe H?” has non-tangential boundary values f(x), as z— x from the
upper half plane, for a.e. xe R, and there holds

1A= [ 1fe? ax

The following result is due to L. Carleson. For the proof, see
[6, Thm. 5.6, p. 33, and Thm. 3.9, p. 63]:

LEMMA 2.3. Let do be a Carleson measure and 0< p < 0. Then there
exists a constant C,> 0, depending only on p, such that for any fe H”,

f |f1? do < C, N(0) jm |/ ()7 dx. (2.16)

—

It turns out that

LeMMA 24. The measure do,, as defined in (2.12), is a Carleson
measure, and its norm N(o,) is bounded from above by a constant
independent of n.

We prove Lemma 2.4 in Section 3. Now, let us return to (2.13). Since G
has a zero at infinity, and more precisely is O(1/z) there, the same is true
for PG", provided Pe #,_,. So PG"e H? for any p>1. (If p=1, we would
need to take Pe P,_,). Applying Lemma 2.3 and Lemma 2.4, we may
replace (2.13) by

j|(1>W)'(x)sn(x)v’dxscrc |PG"|?dx, Pe?,_,. (217)

n

Step 4.
We replace PG” by PW in (2.17).
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Now we are almost done. Since PG” is analytic in C\[—a,, a,] and
vanishes at infinity, a simple application of Cauchy’s formula yields

(PG")(z):%Jan Im(PGY+10) ) e[ —a.al  (218)

o t—z

This relation is classical, but in the context of orthogonal polynomials on
R, was first used by E. A. Rahmanov.
Let us define

G"(x) :=G"(x +i0), xe(—a,,a,).

From (2.18), we see that the restriction of PG" to (— w0, —a,)u(a,, ) is
the Hilbert transform of the function

. Im(PG")(1), te(—a,,a,)
)= {0, 1 >a,

The latter belongs to L,(R) any p>0, and since the Hilbert transform is
a bounded operator in L,(R), for p> 1, we conclude (recall (2.8)) that

j |PG"|? dx<C [ |PW” dx. (2.19)
R R
Thus (see (2.17)), we have proved that
f [(PW)' (x)e,,(x)l”dx<CJ |PW)* dx, p>1 (2.20)
Jn R

We proceed to prove (2.19) for the exceptional case p=1: As the Hilbert
transform is not bounded from L, (R) to L,(R), we proceed a little

differently. Let
z z 2 1/2
vor= @) -]

denote the conformal map of C\[ —a,, a,] onto {w: |w| <1}. For a given
P, we introduce the Blaschke product

B(z) := n W(z)— '/’(aj)

—

1 —y(z)y(a;)

taken over all zeros a; of P (according to multiplicity) in C\[ —a,, a,].
(We take the product to be 1 if P does not vanish in C\[—a,,a,].)
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Then PG"/B does not vanish in C\[—a,,a,], so we may consider a
single-valued branch

g(z):=(PG"/B)(2)"?,  zeC\[-a,, a,]

Since |B|=1o0n [—a,,a,] and |B| <1 in C\[ —«,, a,], we obtain
[1PG do, < [ 181* do,.

Assuming Pe @, ,, we see that g(z)=O(1/z) as z — oo, so that ge H?. As
before, we see that the restriction of g to (—oc, —a,)u(a,, o¢) is the
Hilbert transform of the function

Img(r+i0), rte(—a, a,)
0, [t] >a,.

A0 :={

Then Carleson’s theorem, followed by the boundedness of the Hilbert
transform in L*(R), give

flgdo,<c, [ 1gti+i0)a

<G| lg)ar
<C3f" |PW| (1) dt.

Again, we have (2.19) and hence (2.20).

Step 5.

We estimate the tail of the integral.
More precisely, we estimate |(PW) ¢, x4,  With W replaced by G”,
this is easy. By (2.18), (2.8), we have for x¢J,,

1 ran |[(PW
(P67 () <= [ RN

dt.
nda (1—X)

Therefore, Holder’s inequality, and then integration with respect to x,
yields with g=p/(p—1),

[ rerash(” imeal], (" e

Since |x+a,| =a,n"?? for xe R\J,, a simple calculation of the double
integral in {} yields O((a,n~**)""), provided p>1. For p=1, trivial
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modifications are required, giving the same answer. But ¢,(x)=a,n~%* for
x e R\J,, so that we obtain

f{w I(PG"Y &,]” dxsch |PW|” dx. (2.21)
Finally, write
(PW) =([PG"][W/G"]) =[PG") [W/G"]+ [PG"J[W/G"]".
In Section 6, we prove that
I[W/G"] (x)| ex(x)<C,  xeR\J,. (2.22)
Now, (2.19), (2.21), (2.22) (and (2.8), (2.9)) yield

f I(PW) a,,vdxscj |PW|? dx,
RJ, R

and (recalling (2.20)) the proof of Theorem 1.1 is completed.

Remark. In the last step, we assumed that Pe £, _,. Thus, we should
have above ¢,_,(x) instead of ¢,(x). However a,/a,_,=1+ O(1/n) for
nz1 (see, e.g., Lemma 5.2 in [10, p. 478]) and therefore

&x(X) ~ &, _1(X)

uniformly for xe R and n> 1.

3. PrROOF OF LEMMA 2.4

We first note that (2.3) implies in particular that

] — 1 |xl —2/3 73/2 1
Isn(X)I—zn(l—a"+n <3

for 0 < |x| <a,. Therefore,
len(X) —en W) <3lx—»,  xyeR (3.1)

Now, fix a square K, ,of the form (2.15). A necessary condition for the
semicircle

Io={z=x+e,(x)e?:0e[0,n]}

to intersect K, ,, is
|x —xol < 3h +&,(x).
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This implies, by (3.1), that

[x —xol < %h +&,(x0) + %|x—xo s
that is

[x — xo| <h+ 2¢,(x,). (3.2)

Next, I''n K, , consists of at most two arcs, and as each such arc is
convex, I, " K, , has length at most 4h (of course, this is a very crude
estimate). Therefore, the total angular measure of I'. n K, , is at most
4h/e,(x). Obviously, it does not exceed n as well. Taking into account (3.2),
we obtain, by the definition (2.12) of o, that

Koo ) < min{, 4h/e,(x)} dx. (3.3)

|x — xo| < h + 2€a(x0)

We distinguish two cases:

Case I: hz=g,(xo) Then the integral in (3.3) is taken over an interval
of length < 64, so that

0K, #) < 61h.
Case 1I:  h<eg,(xy). Assume first, that
0< xo<a,{l—3n"%?). (34)

Then a straightforward calculation (recall (2.3)) yields

J

|x — xol < h + 2ex(x0)

dh/s, (x) dx < j T e (x)) dx (3.5)

x0 — 3ea(xg)

2 332 3\ ¥2
=4h - ZR1+2) —(1-=
#3m(1+5) -(1-%) }

X, 32
R:=n(1———+n‘2/3) >8,
an

where

by (3.4). Thus, the integral (3.5) is < Ch, for some absolute constant C.
If xo>a,(1 —3n~?%?), then the integral in (3.5) is taken over an interval
of length 6e¢,(x,)<6a,n~ %, while ¢,(x)=>Camn~%® in this interval
(see (3.1), and recall the definition of ¢,(x)). Thus, we again obtain the
bound Ch for the integral (3.5). The case x, <0 is treated similarly.
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4. PrOOF OF LEMMA 2.1

The proof of Lemma 2.1 is contained in our paper [9]. However, it is
spread over several places there, and is carried out for the general case
A >0, which does not make for easy reading. Therefore we present the
proof (albeit a sketchy one) for the case 4 > 1.

First, we collect some properties (cf. [9, Lemma 3.1]) that follow easily
from (1.3), with 4> 1:

Q(x)<Q(M)x*Y,  xe(0,1]. (4.1)
Note that this implies that Q is differentiable at 0 and Q’(0) =0,
Q'(x)to  as x- . (4.2)
a,xQ'(a,x)~ Qla,x)~n, (4.3)
uniformly for x € [a, b], any fixed a, b>0. We deduce from (4.2), (4.3) that
a,fn=o0(1), n— oo, (4.4)
It is also shown in [9, Lemma 3.1] that
1< (xtQ'(xt))/(xQ'(x))<t?,  xe(0,0), te(l, ),  (45)
and
A<SxQ'(x)/Q(x)<B,  xe(0, 0). (4.6)
Now, let
z:=x+¢ee  e:=¢,(x)
By the definition (2.1) of H,, we obtain
|H (2)/W(|z])] = exp(Q(lz]) — Q(x) — Q'(x)(Re z —x))
=exp(Q(lz]) — Q(x) - Q'(x) ecos ) =:e”.  (4.7)

To prove (2.4), it suffices to show that y = O(1), uniformiy for xe J, and
z of the above form.

Casel: 0<x<4a,/n. Then by (4.4), x=0(1). Also,
&,(x)=0(a,/n)=o(1),

in the range considered. Thus y in (4.7) is o(1).
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Case 11. 4a,/n<x<a,/2. Then

172
x/s=n£(1——x—+n'2/3> >2.

n n

By Lemma 2.1 in [9, p. 10697,
< C(2x) Q'(2x)(g/(x —€))* < C, Q'(2x) £%/x. (4.8)
Applying (4.2), (4.3), we obtain that

n o n
7€ Cy—4— ¢
a

n n

Since

e=0(a,/n)
in the range considered, we obtain

y=0(1).

—2/3
b

Case III: a,/2<x<2a, Since g,(x)<a,n xeR, we see that

x/e> 2 for the present range as well. Then (4.8) yields

n 1 ‘ ,
y<C——a2n *?=Cn"'"

Ha"

5. PROOF OF LEMMA 2.2
We begin with

LEMMA 5.1. Assume the conditions of Theorem 1.2. Define for
xe[—1,11\{0}, n>1,

2 J] (1 _xl)l/’2 antQ,(anl)_anle(anx)

.un(x) :Z; o (1—12)”2 n(tz—x2)

dt, (5.1)
Then p,(x)>0 for xe(—1, 1)\ {0} and

jil 1 (x) dx=1. (5.2)
Next, for zeC, let

1 1 1
Une)i=] loglz—tl w1y di=— Qay 2+, (53)
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where

2! t
J. —Q—(—a—"—)—dt-%nlogZ.

Xn - o (1—12)172

Then U, is an even continuous function in C and satisfies

U,(x)=0, xe[—-1,1]; (5.4)
Ux)<0; U,(x)<0, xe(l,0) (5.5)

Furthermore for some C,, C,, é,,
—C, 8 <U(1+8)< —C, 8% 6€[0,8,], (5.6)
and given K> 0, there exists Cy= C5(K) such that
Ux)< —Cylog x, x=21+K (5.7)

Proof. See [12, pp. 37-39,45,55]. 1§
Now we can give an explicit expression for the function G discussed in
Lemma 2.2. Set

1 1
6(2) :=exp(—f llog(Z/an—t)un(t)dt—;xn) (5.8)

where log denotes the principal branch. Note that (5.2) ensures that G is
single-valued in C\[ —a,, @,] and that it has a simple zero at infinity.
Since u,() is real-valued, we also obtain G(Z)= G(z). Next, by (5.3), (5.8),
we have

W(jz|) = e ~ QU1 = nUntian) |G ()| (59)

Therefore, (2.8), (2.9) follow by (5.4), (5.5), so we have completed the
proof of part (a) of Lemma 2.2. We turn to the proof of part (b). In view
of (5.9), we need to show that nU,(z/a,) is bounded from above, for the
relevant range of z.

LEMMA 5.2. Assume the conditions of Theorem 1.1, and let 0 <n<1.
Then for t € [0, 1] and for n large enough, there holds:

Ulls+ity<Cy, sel0,n]; (5.10)
U s+it)C, max{r*?, (1 —5)"?},  sen 1]; (5.11)
U (s+it) < C(177 — Cy(s — 1)*?), se[l,2]. (5.12)

640.77/3-2
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Furthermore, (5.11), (5.12) hold if W only satisfies the conditions of
Theorem 1.2.

Proof. The above estimates are contained in [9, Lemma 4.2, 4.3, 44].
For the reader’s convience, we prove (5.10), since this inequality was stated
in [9, Lemma 4.2] in a different form. By (5.3), (5.4),

Ufs+iy=U,(s+it)— U,s)

1t 2
=§fﬁllog(1 +<;~_’—u) )un(u)du

+ {Q(an |s1) = Q(a,(s* + 12)1/2)}

n
1 ! 2
<| 1og<1+<——) ),u,,(u)du, (5.13)
0 s—u
by monotonicity of Q and evenness of u,. Next, by Lemma 4.1 in [9],
HH(X)SC\/I __x2’ XE[V), 1]5 (514)
and
ax)SC¥(x),  xe(0,n], (5.15)
where
2 ’
W, (x) :=j 4,010 (5.16)
x nt

The substitution u=a,t yields
a, 12 Q'(u)
v =22 [ EW gy~ o),
Niax u

by (4.1) and (4.5). Thus,
p(x)<C/1—-x%  xe[0,1], (5.17)

and we deduce from (5.13) that

1 t 2
Un(s+iz)<c1f log(1+<s u) )du.
. -

The substitutions s —u = ty gives

U,,(s+it)<Cltf log(1+y 2 dy<Cot. |l

— oC
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Now we can prove the inequality (2.10) in part (b) of Lemma 2.2. By
(5.9), it i1s equivalent to
nU,(s+it)<C, (5.18)

for all s, t of the form

(x+e¢,(x)cos 8)
, xeld,,0e[0,n]. (5.19)

S =

I

g,(x)sin @

:)l,_.!Ql,_.

n

Case 1. 0<x<1la, Thene,(x)<Ca,/n, sothat 0<s<1/2+C/n,0<
1 < C/n. Applying (for n large enough) (5.10), we obtain (5.18).

Case 11. 1a,<x<a,. Then

1 .
t=—c¢ (x)sinf@<n= 3
a

n

and since

| 1 X 2\
~g"(x)=_<1——+n*2/3> <=(1—s—n P pp-23)-12
a n a n

n n

(see the definition (5.19) of s), we obtain
tsl(l —s5) 2
n

Applying (5.11), we again obtain (5.18).

Caselll. a,<x<a,(1+n **). In this case, we apply (5.12) and get
(5.18)

This proves (5.18) for x > 0. Since U(Z)= U(z) and U is even, the proof
of (5.18) is complete. Note that (5.11), (5.12) hold also if W only satisfies
the conditions of Theorem 1.2 (see the last assertion of Lemma 5.2). This
concludes the proof of Lemma 2.2.

6. ProOF OF (2.22)

For x = a,(1 +n~%**), we deduce from (5.9), (2.3) that

(W/G"Y (x) e,(x)=n"" U, (x/a,) exp(nU,(x/a,)) =: 4. (6.1)
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We consider three ranges of x:

Case 1. a,(1+n"??)<x<a,(1+35), some small enough &>0. Then
by (5.6),

U.(x/a,) < ~ Cy(x/a,—1)*? (6.2)
Also (cf. [12, pp. 39, 55]),
0= U, (x/a,) = — Cy(x/a,— 1) (6.3)
for the range considered. Therefore,
|41 < Cy n'(x/a, — 1) exp( — C, n(x/a, — 1)*?)
= C; R exp(— C, R*?),
where
R:=n*3(x{a,— )2 1.
So,
41 < C,.
Case II: a,(1+d6)<x<Ka,, some K> 0 large enough. Here
Uuxfa,)<U,(1+d)< = Cs,
by (5.5), and

Us(fa) = | (xfa— )" male) dt—a, Q(x)m. (64)

Since
a, Q' (x)n~2n 1
X

for the range considered (see (4.3)), we see that
U, (x/a,)=O(1).
Thus again
|41 < Cen'Pexp(—n Cs) < C,.

Case llI. x> Ka,. Since O(a,) ~n (by (4.3)), we have

1
- x.=0(1),
n
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by the definition of g, in Lemma 5.1. Then (5.2), (5.3) imply that

N

fo

U,(xfa,) < log(x/a,~ 1) =~ Q(x) + O(1),
ow by (4.3), (4.5), and (4.6),
Q) _

2> 0 (3) > 2tiou(sfa,~ 1)+ 01,

r x = Ka,, K large enough, so

1
;ZQ(X)ZC

U,txfa) < ~3- Q).

Also, by (6.4),

|Un(x/a,)l < Co+a,Q'(x)/n< Co+ Cio a, Q(x)/(nx) < €, Q(x)/n,

by (4.6). Therefore

1

2.

3

4

(4] < Cpn' - (Q(x)/n) - e~ 2172

<Cpn - Q(x) - e P Cys.
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